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Abstract. For some well-known families T C Q[x], we show the existence 
of an algebraic number a, such that a n is not in the splitting field of T , for 
all n > 1. In the general case, we give conditions for the existence of a such 
number. 



1. Introduction 

Let K C Q be a field, then for any transcendental number a, the number a™ ^ if, 
for n > 1. However, there is not an algebraic number whose integer powers are not 
in Q. So, for convenience, we say that a field K C Q has the property P, if 
there exist an algebraic number a, satisfying a n ^ K for all n > 1. The goal of 
this work is to explicit some families of polynomials J 7 , with rational coefficients, 
such that the field Q(lZf) has the property P. As tool, we use since properties of 
number fields until the Weissauer's theorem on hilbertian fields. We finish this work 
fixing conditions for a field to have this such property. On the way, we give some 
relationships between this property and some questions related with transcendental 
number theory. 

2. Splitting field and the property P 

Surely, if T = Z[x], or even when T — {P{x) £ Q[x] : P is irredutible over Q}, 
then Q(72.J3) = Q- We start our journey with families of polynomials with degree 
one, that is when Q(TZf) is still Q. 

Proposition 1. For all integer number m > 1 and all prime number p, we have 
that 

(2.1) (1 + v0) n i Q, for all n > 1. 

Proof. We recall that the set B = {1, <rfp, ( ^/p) 1 ™ -1 } forms a basis of the ex- 
tension Q( vtfp)\Q. By binomial theorem, (1 + x0) n = YZ=o © ( y/p) n ■ If n < m > 
then (1 + '^/p) n ^ Q, by the previous comment. When n > m, so there are integers 
l,r, with < r < m and n = ml + r and then (1+ '^/p) n = Ylk= (I) 2 '( \ff) r £ Q> 
again because of the Q-linearly independence of the set B. □ 

Any algebraic number a > e -1 / e = 0.69220 satisfying a n ^ Q, for all n > 1 
(including the numbers in (|2.1j) ) can be written as T T , for some T transcendental. 
A proof for this result, as well as more related results, can be found in [4]. 
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Proposition 2. If T C Q[x] is a finite set, then Q(lZr) has the property P. 

Proof. Take a prime number p > [Q(Hf) : Q] (keep in mind the finitess of [Q(7Zr) : 
Q]). Clearly, a := ^ Q(ft^). For any n > 1, the number [Q(a") : Q] is either 

1 or p. It follows from Proposition [T] that [Q(a n ) : Q] = p and then Q(a n ) = Q(a). 
Therefore we have our desired result. □ 

Proposition 3. Let k be a positive integer and let T = \P(x) £ Q[x] : degP = k}. 
Then the field Q(lZjr) has the property P. 

Proof. Let p > k be a prime number. We claim that 1 + ^Pp is not in Q(7?.jf). 
On the contrary, this number would be in Q(7i,..-7s) for some 71,. ..,7s £ 7?.jr. 
Therefore, the number p divides [Q(7i, ...Js) ■ Q]- On the other hand, [Q(7i, ...7s) : 
Q] = ti ■ ■ -t s , where 1 < tj < k. Thus p|tj for some 1 < j < s, but this contradicts 
the inequality p > fc > tj. For showing that the natural powers of 1 + ^/p are 
not in the splitting field of T, we proceed as at the end of the proof of the last 
proposition. □ 

Note that the last result is a generalization for the Proposition [1] namely when 
k = 1. Given non-constant polynomials P{x),Q{x) £ Q[x], we take an algebraic 
number a, satisfying a n ^ Q(TZ{p(x)eQ[x]:degP=degQ})- Then for convenient ratio- 
nal numbers Q (depending of P(x)), the number Qa can be written of the form 
P(T)Q( T \ for some T transcendental. A proof for this result can be seen in [3]. 
For proving the next result we make use of a little bit of Galois theory. 

Proposition 4. Let k be a positive integer and let T — {P(x) £ Q[x] : degP < k}. 
Then the field Q(lZyr) has the property P. 

Proof. Set T = {Ft,F%,-"}, and for each n > 1, set K n = Q(TZf v ..f„) and 
[K n : Q] = t n . Since K n C K n +i, then t n \t n+ i, for all n > 1. Therefore, there 
are integers (rn„) n >i such that t„ = m n _i • • -miti. Note that K n+ i = K n (lZp n+1 ) 
and degF n+ i < k. It follows that [K n+ i : 2f n ] < k k . Because Q C K n C iiTn+i, 
we also have that < k k for all n > 1. On the other hand = m„, so the 
sequence (m rl )„>i is bounded. Thus, we ensure the existence of a prime number 
p > max„>i{m„, t\, 3}. Hence p does not divide t n , for n > 1. We pick a real 
number a that is a root of the irredutible polynomial F(x) = x p — Ax + 2 and we 
claim that a (£ Q,(1Zf). In fact, on the contrary, there exists a number s > 1, 
such that a £ Q(Hf 1 ---f s ) = K s . Since [Q(a) : Q] = p, we would have that p|t s , 
however this is impossible. Moreover, given n > 1, we have the field inclusions 
Q C Q(a n ) C Q(a). So [Q(a" ) : Q] = 1 or p, but a" can not be written as radicals 
over Q, since that F(x) is not solvable by radicals over Q, see pQ p. 189]. Hence 
Q(a) = Q(a n ) and then a n (£ Q(TZ^). □ 

Our next purpose is to give some sufficient conditions for the splitting field of 
a family of polynomials to have the property P. For that, we recall the following 
definition 

Definition 1. A field k is said to be hilbertian if for all irredutible polynomial 
f{x,y) £ k[x,y], with degree > 1 in y, there exist infinitely many b £ k such that 
the polynomial f(b,y)(in one variable) is irredutible. 

For instance Q is hilbertian, but Q is not. All finite extension of a hilbertian 
field is still hilbertian. Thus, all algebraic number field (finite extension of Q) is 
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hilbertian (this fact is well-known as Hilbert irredutibility theorem). This is nicely 
complemented by a result due to Weissauer on an algebraic extension (possibly 
infinite) of hilbertian field. 

Theorem 1 (Weissauer) . Let k be hilbertian, let N be a Galois extension of k and 
let M be a finite extension of N, with M ^ N. Then M is hilbertian. 

A better discussion on hilbertian fields, as well as the proof for some previous 
assertions, can be found in [21 Chapter 3]. We proved that 

Proposition 5. Let J- be a family of polynomials with rational coefficients. If there 
exists Q C !F such that 1 < [Q(lZr) '■ QO^-g)] < °0; then Q(lZjr) has the property 
P. 

Proof. We have the following tower: Q C Q(Kg) C Q(Kr). Since Q is a perfect 
field, then Q(Kg) is Galois over Q. By hypothesis, Q(H F ) ^ Q(Tlg) and [Q{Kyr) : 
Q(72.g)] < oo, so it follows from Weissauer's theorem that K = Q(lZf) is hilbertian. 
Take 7 a primitive element of the extension K(U)(lZp)\K(U), where the set U = 
{Ui, U5} is algebraically independent over K. Since the minimal polynomial 
of 7 over K(U), P{x) — J2j=o w J x: ' e K(U)[ X }: is irredutible over K{U) and K 
is hilbertian, then there exists a homomorfism A : K(U) — > K, such that the 
polynomial P x (x) — Y^=o M w j) x '' S K[x] is irredutible over K and its Galois 
group is isomorphic to §5. therefore, for any a € 1Z P \, we have that any integer 
power of a n can not be in the splitting field of T. □ 

As application, we have the property P related with families T such that the set 
{deg P : P € J 7 } is unbounded 

Corollary 1. If T = {x n — 2 : n > 2}, then Q(Hf) has the property P. 

Proof. Consider Q — {x n — 2 : n > 3}. For n > 3, let 7„ be a primitive element of 
the extension Q(^2, ^2, Cs, Cn)|Q, where C„ = e 2 ^^/". Since [Q( 7n ) : Q] = 
t n > 2, Then {1, 7 „, 7^™ -1 } is a basis for this extension, and for all P,Q € Q[x], 
the algebraic number q|^" j is either a rational number or it has degree > 3. So, 

y/2 $ 32(^2, \/2) and therefore [Q(Kr) : Q(Kg)] = 2. The result follows from 
Proposition [5l □ 

The demonstration of the next result is similar to the end of the proof of Propo- 
sition [51 

Proposition 6. All hilbertian field has the property P. 

Corollary 2. The field Q a b obtained by adjoining all roots of unity to Q has the 
property P. 

Proof. By Proposition^ it is enough to show that Q ab is hilbertian. In fact, denote 
M = Q ab and TV = Q ab n R. Clearly, M is invariant under complex conjugation. 
If z = a + &V~-I G M, then a = i(z + ~z) and b = \{z — ~z) are in N. Hence 
M = N{^J~^l). Consider the tower Q C N C M. Since Q is hilbertian and 
[M : N] — 2, then by Weissauer's theorem, it is enough to prove that TV is Galois 
over Q. That is reduced to prove that N n n R is Galois over Q for each n > 1, 
where N n = Q(72-a:™-i)- It is well-known that iV n |Q is an abelian extension, hence 
N n n R is normal over Q and thus it is a Galois extension, since that Q is a perfect 
fied. □ 
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By the theorem of Kronecker and Weber, Q aD is the composite of all finite abelian 
extensions of Q, see [U p. 259]. 

Our next result gives an example of a non hilbertian field which satisfies our 
desired property. First, we recall that Q ao iv denotes the composite of all finite 
solvable extensions of Q. 

Corollary 3. The field Q so i v is not hilbertian, but it has the property P. 

Proof. It is not hard to prove that the polynomial f(x,y) = y 2 — x is irredutible 
over Q[x]. Also, the field Q so iv is closed under taking square roots (because it 
consists of all algebraic numbers that are expressible by iterated radicals, by the 
Galois' theorem). Thus f(b,y) is redutible over Q so i v for each b £ Q so iv (because 
Vb £ Q so i v n TZf(b,y))- Thus Q so i v is not hilbertian. On other hand, if a £ 7Z- x s-ix+2i 
then a n ^ Q so i v because a can not be expressed as radicals over Q. □ 

We conclude with two related questions 

Question 1. To prove or disprove the existence of a family T satisfying: 

(i) Q(7^) ? % 

(ii) For any P{x) £ Q[x]\{T}, Q(7^ U{P} ) = Q. 

Question 2. To prove or disprove that a field K C Q has the property P if and 
only if K ^ Q. Give an example, if any, of a field K C Q which does not have the 
property P. 
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